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The paper analyzes optimal portfolio choice when the investment opportunity set is 
driven by multi-stochastic factors, namely; stochastic interest rates, stochastic volatility and 
stochastic inflation. The analysis is implemented in an incomplete market setting, where the 
number of risk sources is larger than the number of risky assets. The model segregates the 
effect of inflation from the other two state variables by deriving the dynamics in real wealth.  
The derived optimal portfolio shows that inflation plays a significant role in forming 
investors’ hedging demand through the correlation structure between inflation and assets 
held in the portfolio. Empirically, the paper calibrates the optimal portfolio choice for 
different classes of investors distinct by the degree of risk tolerance and investment horizon 
length in an attempt to mimic the popular financial planners’ advice.  Calibration results 
show that the joint inclusion of stochastic interest rates, stochastic volatility and stochastic 
inflation introduces a plausible simultaneous resolution for both Samuelson puzzle and asset 
allocation puzzle of Canner, Mankiw, and Weil (1997).  
  
ﻦﻤﺿﻭ ﺓﲑﻐﺘﻣ ﺔﺌﻴﺑ ﰲ ﺔﻴﻟﺎﳌﺍ ﻆﻓﺎﺤﻤﻠﻟ ﺔﻴﺠﻴﺗﺍﱰﺳﻻﺍ ﻊﻳﻮﻨﺘﻟﺍ ﺔﻠﻣﺎﻜﻟﺍ ﲑﻏ ﻕﻮﺴﻟﺍ ﻁﻭﺮﺷ  :  




                      ﻦﻣ ﺩﺪﻌﺑ ﺔﻳﺭﺎﻤﺜﺘﺳﻻﺍ ﺹﺮﻔﻟﺍ ﻰﻨﺤﻨﻣ ﺎﲠ ﺩﺪﺤﺘﻳ ﱵﻟﺍ ﺔﻟﺎﳊﺍ ﰲ ﺔﻴﻟﺎﳌﺍ ﺔﻈﻔﶈﺍ ﺮﺻﺎﻨﻌﻟ ﻞﺜﻣﻷﺍ ﺭﺎﻴﺘﺧﻻﺍ ﺔـﻗﺭﻮﻟﺍ ﻩﺬـﻫ ﺶﻗﺎﻨـﺗ
       ﺔﻛﺮـﳊﺍ ﺔﻴﺋﺍﻮـﺸﻋ ﻭﺃ ﺓﺮﻘﺘـﺴﳌﺍ ﲑـﻏ ﻞـﻣﺍﻮﻌﻟﺍ  .    ﻥﻮـﻜﻳ ﱵـﻟﺍ ﺔـﻟﺎﳊﺍ ﰲ ﻱﺃ    ﻢﺨﻀﺘﻟﺍﻭ ﺔﺑﺬﺑﺬﻟﺍﻭ ﺓﺪﺋﺎﻔﻟﺍ ﺭﺎﻌﺳﺃﻭ ﻢﻬﺳﻷﺍ ﺭﺎﻌﺳﺃ ﻦﻣ ﻞﻛ ﺎﻬﻴـﻓ 
     ﻲﺋﺍﻮـﺸﻋ ﻞﻜـﺸﺑ ﻙﺮﺤﺘـﺗ  .                      ﺩﺪﻋ ﻕﻮﻔﻳ ﺓﺮﻃﺎﺨﳌﺍ ﺭﺩﺎﺼﻣ ﺩﺪﻋ ﺎﻬﻴﻓ ﻥﻮﻜﻳ ﱵﻟﺍﻭ ،ﺔﻣﺎﺘﻟﺍ ﲑﻏ ﻕﻮﺴﻟﺍ ﻁﻭﺮـﺷ ﺽﺍﱰﻓﺎـﺑ ﻞﻴـﻠﺤﺘﻟﺍ ﰎ ﺪـﻘﻟ
         ﺔﻈﻔﺤﻤﻠـﻟ ﺔـ￿ﻮﻜﳌﺍ ﺓﺮـﻄﳋﺍ ﺔﻴـﻟﺎﳌﺍ ﻝﻮـﺻﻷﺍ  .                  ﺎﻌﺳﺃ ﻦـﻣ ﻞـﻛ ﻦـﻋ ﻢﺨـﻀﺘﻟﺍ ﺮـﺛﺃ ﻞـﺼﻓ ﰎ ،ﺡﱰـﻘﳌﺍ ﺝﺫﻮﻤﻨـﻟﺍ ﰲ  ﺭﺎﻌﺳﺃﻭ ﺓﺮﻄﳋﺍ  ﻝﻮﺻﻷﺍ ﺭ
             ﺔﻴﻘﻴﻘﳊﺍ ﺓﻭﺮﺜﻟﺍ ﻯﻮﺘﺴﻣ ﰲ ﲑﻐﺘﻟﺍ ﺎﻬﻌﺒﺘﻳ ﱵﻟﺍ ﺔﻴﻛﺮﳊﺍ ﺔﻣﻮﻈﻨﳌﺍ ﻕﺎﻘﺘﺷﺍ ﻝﻼﺧ ﻦﻣ ﺓﺪﺋﺎـﻔﻟﺍ  .          ًﺎﻤﻬﻣ ًﺍﺮﺛﺃ ﻢﺨﻀﺘﻠﻟ ﻥﺃ ﱃﺇ ﻞﻴﻠﺤﺘﻟﺍ ﺭﺎﺷﺃ ﺪﻘﻟ
                  ﻁﻮﺤﺘﻟﺍ ﺕﺎﻳﺎﻐﻟ ﻥﻭﺮﻤﺜﺘﺴﳌﺍ ﺎﻬﻠﻤﳛ ﱵـﻟﺍ ﺔـﻈﻔﶈﺍ ﻦـﻣ ﺀﺰـﳉﺍ ﺩﺪـﳛ ﻮـﻬﻓ ﺔﻈﻔﺤﻤﻠـﻟ ﻞﺜـﻣﻷﺍ ﻞﻜـﺸﻟﺍ ﺪـﻳﺪﲢ ﰲ  .  ﺐ￿ﺎﳉﺍ ﰲ  ﰎ ،ﻲﻘﻴﺒﻄﺘﻟﺍ
     ﰲ ،ﻱﺭﺎﻤﺜﺘﺳﻻﺍ ﻖﻓﻷﺍ ﻝﻮﻃﻭ ﺓﺮﻃﺎﺨﳌﺍ ﻞﺒﻘﺗ ﺔﺟﺭﺩ ﰲ ﻥﻮﺗﻭﺎﻔﺘﻳ ﻦﻳﺬﻟﺍ ﻦﻳﺮﻤﺜﺘﺴﳌﺍ ﻦﻣ ﺩﺪﻌﻟ ﺔﻴﻟﺎﳌﺍ ﺔﻈﻔﺤﻤﻠﻟ ﻞﺜﻣﻷﺍ ﺭﺎﻴﺘﺧﻻﺍ ﻁﺎﺒﻨﺘـﺳﺍ
                   ﲔﻴـﻟﺎﳌﺍ ﲔـﻄﻄﺨﳌﺍ ﺮﻬـﺷﺃ ﺓﺩﺎـﻌﻟﺍ ﰲ ﺎـﲠ ﻲـﺻﻮﻳ ﱵـﻟﺍ ﺔﻳﺭﺎﻤﺜﺘـﺳﻻﺍ ﻆﻓﺎـﶈﺍ ﺓﺎـﻛﺎﶈ ﺔـﻟﻭﺎﳏ  .  ﺽﺍﱰﻓﺍ ﻥﺃ ﱃﺇ ﺞﺋﺎﺘﻨﻟﺍ ﺕﺭﺎﺷﺃ ﻡﺎﻋ ﻞﻜﺸﺑ
ﺍ               ﻢﺨـﻀﺘﻟﺍﻭ ﺔـﺑﺬﺑﺬﻟﺍﻭ ﺓﺪﺋﺎـﻔﻟﺍ ﺮﻌـﺴﻟ ﺔﻴﺋﺍﻮـﺸﻌﻟﺍ ﺔﻛﺮـﳊ )     ﺓﺮﻃﺎﺨﳌﺍ ﺭﺩﺎﺼﻣ ﻦﻣ ﺎﻫﺭﺎﺒـﺘﻋﺎﺑ  (          ﱵﻠﻀﻌﻣ ﻦﻣ ﻞﻛ ﻞﺣ ﰲ ﺪﻴﺟ ﻞﻜﺸﺑ ﻢﻫﺎﺴﻳ
   ﻥﻮـﺴﻠﻣﺎﺳ (Samuelson Puzzle)  ﻝﻮـﺻﻷﺍ ﺺﻴﺼﲣ ﺔﻠﻀﻌﻣﻭ  (Asset Allocation Puzzle)  ﻞﻳﻭﻭ ﻮﻜ￿ﺎﻣﻭ ﺮﻨﻛ ﺎﻬﻴﻟﺇ ﺭﺎﺷﺃ ﱵﻟﺍ 




  2 
There is significant inconsistency among the theory of asset allocation and 
professional financial planners’ advices. Tobin’s (1958), Samuelson (1969) and Merton 
(1969, 1971), conclude that, under the assumption of equally available information and 
random walk hypothesis (when returns are normally distributed), all investors should hold the 
same optimal portfolio of risky assets, regardless of the investor’s risk tolerance or the length 
of investment horizon. Accordingly, no investor should alter the relative proportions of the 
risky assets in his optimal portfolio but he can hold more or less from the risky portfolio 
combining with the risk free asset.  
 
The professionals’ advice, on the other hand, contradicts that by emphasizing the 
effect of risk tolerance and time horizons in forming portfolios. The typical advice is that 
high risk tolerance investors and young investors (who have long horizons) should hold 
portfolios with high stock to bond ratio compared with average investor. 
 
Research in asset allocation and optimal portfolio choice addresses those 
inconsistencies as investment puzzles. The horizon inconsistency has been addressed first by 
Samuelson (1963) and it has been known as Samuelson puzzle. Canner, Mankiw and Weil 
(1997) [CMW there after], point at the risk tolerance argument as the asset allocation puzzle. 
 
Attempts at reconciliation of the above inconsistencies adopt the early Samuelson’s 
(1969), and Merton’s (1969, 1971, 1973) insights for intertemporal investors. In which they 
indicate that optimal portfolio choice for long-term investors is different from short-term 
(myopic) investors. Merton (1973) and later Cox and Huang (1989) suggest that long-term 
investors should intertemporarily hedge against changes in the investment opportunity set. 
Any change in means, variances or covariances of securities’ returns is sufficient to generate 
changes in the investment opportunity set that needs to be hedged. Investors hedge such 
stochastic variations by including in their portfolios hedge funds equal in number to the state 
variables that derive the dynamics in returns. 
 
Nielsen and Vassalou (2000) redefine the instantaneous investment opportunity set as 
the instantaneous capital market line (ICML) rather than all first and the second moments and 
covariances of instantaneous rates of returns. They argue that investors need to hedge only 
against random changes in the slope, and the position of the ICML. If the ICML is constant 
or deterministic, investors do not need to hold any hedge portfolio even if means, variances 
and covariances of asset returns are changing randomly over time.  
 
This paper uses the general continuous-time modeling framework of Merton (1969, 
1971, and 1973) in analyzing rational portfolio choice and hedging demand in a stochastic 
environment. It derives the optimal asset allocation for a long-lived investor who 
continuously invests in cash, nominal bonds and stocks and faces a stochastic investment 
opportunity set. Dynamics in the stochastic investment opportunity set are assumed to be 
driven by three stochastic elements, the interest rates, volatility of returns and inflation. The 
model’s results are achieved within market incompleteness conditions, where the number of 
sources of uncertainty is larger than the number of risky assets. This sort of market 
incompleteness is analyzed by He and Pearson (1991), Karatazas et al (1991) and Nielsen and 
Vassalou (2000).  
 
  3In the empirical part, the paper estimates the parameters of the stochastic processes by 
means of the Spectral GMM estimator. The estimated parameters are used to calibrate the 
optimal portfolio choice for three different risk-recipients investors with different investment 
horizons. The calibration aims to mimic observed financial planners’ investment advice.  
 
The literature that examines optimal asset allocation in dynamic setting is numerous. 
In a setting without volatility uncertainty, Munk et al.(2004), Brennan and Xia (2002) and 
Campbell and Viceira (2001) solve for the optimal portfolio policy and decompose the 
portfolio selection into a "speculative term"  and a hedging term. Liu (2001) analyzes optimal 
portfolio choice where the dynamics in the investment opportunity set are derived by the 
interest rate and volatility uncertainties without considering the inflation effect.  Brennan and 
Xia (2000), and Omberg (2001)consider a similar problem without including inflation and 
volatility dynamics. Chacko and Viceira (2003b) solve for the optimal asset allocation in an 
incomplete market setting with volatility as a single source of risk.  
 
The model in this paper is close to the models applied in Munk et al. (2004) Brennan 
and Xia (2002) and Campbell and Viceira (2001). In these papers, interest rate is described 
by a Vasicek-model whereas, we use CIR model rather than Vasicek-model. The Vasicek-
model allows for a negative interest rate which, cannot be explained in real application. 
Brennan and Xia (2002) and Campbell and Viceira (2001) describe nominal interest rates by 
a two-factor model and their model construction allows for complete market conditions by 
investing in two different nominal bonds.  
 
The model is calibrated in two steps. In the first step the paper estimates the 
parameters of the model using monthly US data from the April 1953 to September 2001 by 
means of the Spectral GMM techniques. In the second step, the obtained capital market 
parameters are used in calibrating the relevant preference parameters by minimizing the sum 
of squared deviations between the theoretical and observed asset allocation advice across 
investors with different risk attitudes and investment horizons. With this calibration, the 
model could provide simultaneous resolution for both the Samuelson and the asset allocation 
puzzle.  
 
The paper is organized as follows. Section 2 presents the formal model and the 
solution to the intertemporal portfolio problem. Section 3 introduces estimates for the capital 
market parameters and, subsequently, calibrates the model to the observed asset allocation 
advice and section 4 concludes. 
 
2. The Stochastic Environment
 
Let's consider the investment problem of an investor who has access to capital market 
and wants to transfer current wealth W0 into a future terminal wealth at a specific investment 
horizon. We consider the basic asset allocation problem of how much to invest in a money 
market bank account (cash), nominal zero coupon bonds, and stocks. Here we assume that 
nominal bonds differ from cash in that they provide capital gains beside the coupon 
payments. It is held also as a part of the hedging portfolio not only the speculation portfolio. 
The duration of the bond reflects the stochastic duration of the portfolio. Investors who hold 
bonds in their portfolio keep a certain portion of their portfolio in the form of bonds, 
whenever a bond expires it is replaced by a longer maturity bond. 
 
  42.1 The Capital Market Dynamics
 
The stock index is assumed to evolve according to the stochastic differential equation 
 
st t ts t ts t t dZ S v dt S r dS + + = ) ( μ       ( 1 )  
 
Where rt is the short nominal interest rate,  ts μ is the time varying expected excess return from 
investing in stocks, and    is the time varying stock index volatility. Z ts v st is a Wiener process. 
Accordingly, the variation in the investment opportunity set is induced by stochastic variation 
of the short-term interest rate, the expected excess return and the conditional variance of the 
risky assets. Merton (1980) suggests that risk premium is crucial to portfolio choice, but it is 
difficult to estimate empirically. Merton proposes that risk premium might depend on the 
volatility powers. The power could be 0, 1 or 2. Here the assumption is made that the risk 
premium is proportional to the volatility (i.e. the power 1). By definition, the proportionate 
factor that connects the expected risk premium  ts μ with volatility  is the instantaneous 
market price of risk or instantaneous sharp ratio. Thus 
ts v
s s ts v λ μ = .  
 
Volatility  , on the other hand, is assumed to follow a square root diffusion process 
of Heston (1993): 
st v
 
vt ts s st v st dZ v dt v v dv σ κ + − = ) (      (2) 
 
Where v  represents the long run mean for volatility,  v κ  is the speed of adjustment, and  s σ  
is constant. 
 
The nominal interest rate dynamics are described by a Cox, Ingersoll and Ross 
(1985), CIR model, 
 
rt r r t r t dZ v dt r r dr σ κ − − = ) (       ( 3 )  
 
Where  r  represents the long run mean of the interest rate,  r κ  is the speed of 
adjustment, and vr is the interest rate volatility, which is assumed constant for simplicity.  
 
The term structure of interest rates has the same form as in CIR. In particular, the 
price of a zero-coupon bond with time to maturity τ  is given by 
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2 2 2 2 ) ( r r r r σ σ λ κ + + = Φ   and  r λ  is the market price of the interest rate risk. 
Bonds are interest rate contingent claims, by Ito's lemma, the dynamics of the bond 
price BBt can be described by a stochastic differential equation  
 
rt t t r t t r r t t dZ B r b dt B r b r dB σ τ σ λ τ ) ( ) ) ( (
2 + + =     (5) 
 
2
r rσ λ  is the risk premium on the interest rate, so, it represents  r μ . 





− = η  is the elasticity of the bond price with 
respect to the short interest rate; this elasticity is usually referred to as the stochastic duration 
of the interest rate contingent claim[Ingersoll, Skeldon and Weil (1978) and Cox, Ingersoll 
and Ross (1979)]. Here, we assume that the bond available for the investor has a constant 
duration η. This can be thought of as reflecting the duration of the aggregate portfolio of 
bonds outstanding, or a bond index, where bonds that expire are always substituted with new 
longer term bonds. Also, note that the short interest rate and the return on the bonds are 
perfectly negatively correlated and with covariance rate 
2 2 )
1
( B r Br v v v
η
η − = − = . 
The nominal price of the real consumption good in the economy at time t is  . Thus 
the real price of any asset in the economy is deflated by the price index  . For instance, the 
real price of the stock is   and the real price for the bond is B
t Ω
t Ω
t t S Ω / Bt/ t Ω . 
 
The dynamics of the nominal price of consumption goods are given by the following 
diffusion processes: 
t t t t t dZ v dt d Ω ΩΩ + Ω = Ω ϕ                                       (6) 
Whereas the expected inflation rate t ϕ follows mean reverting Orestein-Uhlenbeck process: 
t t t dZ v dt d ϕ ϕ ϕ ϕ ϕ κ ϕ + − = ) (                          (7) 
 
Where   t ϕ is the expected rate of inflation, ϕ  is the long-run mean of the rate of 
inflation,  ϕ κ is the speed of adjustment.  and  are the volatilities of the price index and  Ω v ϕ v
  6the inflation rate respectively.  determines the magnitude of the unexpected short-run 
inflation in the economy. 
Ω v
 
Changes in the nominal price index and the inflation rate are correlated with the 
stock index return and interest rates. The covariance rate between the return on the stock 
index and the price level is  Ω Ω Ω = v v v s s s ρ , the covariance between the return on the stock 
index and the inflation rate is  ϕ ϕ ϕ ρ v v v s s s = . The correlation between stock returns and the 
real interest rate is  ) ( ϕ ρ − r s . 
 
By Ito’s lemma we can find the processes for real stocks and bonds  and  to 
be in the following forms: 
t RS t RB
 
()RS s s s t s t
t
t dZ v v v dt v v r
RS
dRS
Ω Ω Ω Ω − + + + + − + = 2 ( ) ( ϕ μ  (8) 
()RB B B B t B t
t
t dZ v v v dt v v r
RB
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Ω Ω Ω Ω − + + + + − + = 2 ( ) ( ϕ μ  (9) 
 
Accordingly, we find that the dynamics of the real wealth follows the following process: 
 








































































The investor chooses a dynamic portfolio strategy in order to maximize the expected 
utility of terminal wealth at a specific horizon . τ  We formulate the optimal portfolio problem 
for a long-term investor who invests in stocks, bonds, and cash.  
 
Detining the value function or indirect utility function  ) , , , ( τ ϕ s v r W J for an investor 
withτ periods investment horizon. The value function must satisfy the boundary condition 
). ( ) 0 , , , , ( W U v r W J s = ϕ  Bellmen principles assume that the value function at the maximum 
is martingale.  
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The first order condition of the problem in (12) gives the following characterization of 
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Equations  (13) and (14) gives a general characterization of the optimal portfolio weights in 
the specific market setting. The first term in those equations is the usual speculative portfolio 
that is optimal for an investor with short horizon or log utility. The other four terms describe 
how the investor optimally hedges changes in the opportunity set. The second term describes 





 in (14) measures the 
sensitivity of the logarithm of the marginal utility of wealth to changes in the interest rate and 
it summarizes the investor’s attitude towards changes in the interest rate. The third term 
describes the hedge against the stochastic changes in interest rate, and it is expressed in a 
form of logarithm of marginal utility change with respect to volatility in the same way for 
































































we can rewrite the above relation in the form  
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Hence, the optimal hedge against changes in the interest rate is obtained by investing 
entirely in the bond; this is similar to the optimal strategy in the complete market Vasicek 
settings of Brennan and Xia (2000). As a matter of fact, the first two terms in the hedging 
component are quite similar to what Liu (2001) has. 
 
The last two terms in (13) describe how the investor hedges against short-run 
unexpected inflation and changes in future inflation rates, respectively. Munk et al (2004) 
derive in a Vasicek settings similar components for asset allocation. 
Equations (13)-(15) do not give an explicit solution for the optimal asset allocation. To get an 
explicit solution, we have to solve the partial differential equation (PDE) in the Bellman 
principle, equation (12) that is highly non-linear. 
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We
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Where  .    0 ) 0 ( = a , 0 ) 0 ( = b , 0 ) 0 ( = c  and  0 ) 0 ( = q  which satisfy the boundary 
condition for the value function  ) ( ) 0 , , , , ( W U v r W J s = ϕ . Now substitute the conjecture in the 
first order in equation (15) and substitute back the conjecture in equation (16) condition with 
the first order condition PDE in equation (12). After doing that we would get four ordinary 
differential equations that can be solved to get the values for  ) (τ a , ) (τ b  ), (τ c  and  ) (τ q . Re-
substitute the solution for the ODE,s in the first order condition we get the solution of the 








































































































   (17) 
 
The residual  B s r α α α − − = ′ − = 1 1 α 1  is invested in the cash or bank account. 
 
Equation (17) shows that the optimal portfolio weights for CRRA investors are linear 
combinations of the speculative portfolio (the first term of equation 17) and the different 
hedge portfolios. In particular, for investors with the same investment horizon τ  the optimal 
portfolios are linear combinations of the speculative portfolio and a single hedge portfolio; 
the relative risk tolerance  γ / 1 , represents the weights on the two relevant portfolios.  
  9 
Munk et al (2004)  show that an expression such as the one in (17), without the 
hedging component against volatility dynamics, describes the demand for hedging against 
changes in the nominal interest rate and inflation. Such expression consists of mixed 
positions in the stocks and bonds and it can explain the bonds/stocks puzzle pointed out by 
Canner, Mankiw and Weil (1997). The first hedge term shows that the interest rate hedge 
involves bonds. The last two terms explain the inflation hedge that involves stocks. Liu 
(2001) shows also that an expression like the first two components in the hedging portfolio 
with a mix of stocks and bonds can explain the asset allocation puzzle. Chacko and Viceira 
(2003b) indicate that hedging against volatility dynamics in an all stock portfolio give results 
that are consistent with asset allocation puzzle. Brennan and Xia (2000) show that with an all 
bonds portfolio that hedging interest rate dynamics gives results also consistent with the 
financial planers advice.    
 
In this setting with interest rate hedging, volatility hedging and inflation hedging, we 
get more emphasis on both the asset allocation puzzle and the horizon puzzle. The terms ) (τ c  
and  s σ  involve both hedging effects and asset allocation effects. A particular notice in 
equation (17) is that the amount of hedge portfolio holding or risky assets depends on the 
correlation structure between the inflation rate and the assets held in the portfolio. 
Additionally, equation (17) shows as well that the duration of the bond holding plays a 
significant role in determining the total bond holding, while the volatility of the volatility  S σ  
plays an identified role in determining the ultimate holdings of the hedging funds. 
Correlations among risky assets seem to have a dominant role in the speculating portfolio.  If 
ϕ κ is small, changes in the expected inflation rate are relatively permanent, and horizon 
effects may be significant. However, whether this horizon effect implies more or fewer stocks 
for the long-term investor depends on the precise correlation structure. It depends as well on 
whether the stock serves as a relatively good substitute for the real bond that should ideally 
be used for hedging changes in real rates in a complete market setting.  
 
3. Model Estimations and Calibrations 
 
Here we first introduce the estimation technique spectral GMM of Chacko and 
Viceira (2003a) and Singleton (2001). Then it calibrates the asset price and inflation 
parameters of the capital market model. In the third section, the calibrated parameters are 
used in a calibration exercise where the subjective risk aversion parameter and time horizon 
parameter are fitted to match observed asset allocation advice for different investor groups. 
 
3.1 Model Estimation: Spectral GMM 
A spectral GMM approach is adopted to estimate the parameters of the processes in 
the model Pennacchi (1991), Campbell and Viceira (2001) and Brennan and Xia (2002) have 
used Kalman filtering in contexts similar to this paper. Chacko and Viceira (2003a&b) use 
the spectral GMM in stochastic volatility context. One advantage of the spectral GMM over 
the Kalman filtering is that the spectral GMM does not require the discretization of the 
stochastic process. It only requires knowledge of its conditional characteristic function. Once 
we know this function, we can integrate the stochastic interest rate and inflation out and 
obtain the characteristic function of next period's stock price and commodity price level 
conditional only on the prior period's prices.  Chacko and Viceira (2003a) call this estimation 
  10method Spectral GMM because it uses the generalized method of moments (GMM) to 
estimate the parameters of the model directly off this conditional characteristic function.  
To calculate the conditional characteristic function, we have to transform the process 
to an exponential affine process as in Chacko and Das (2002). We transform the stock price 
process into a form of the log stock price,  
s t t t t t t dZ v dt v v r S d + − + = )
2
1
( ln λ      ( 1 8 )  
                           v t s t v t dZ v dt v v dv σ κ + − = ) (       
 
Now assume the characteristic function  ) , , , (ln τ ϕ φ t t t t r v S  satisfy the following PDE: 
 
[ 0 ) , , , (ln ] = τ ϕ φ t t t t r v S d E       ( 1 9 )  
 
Assume  t t X S = ln  
By Ito’s Lemma,  
          
⎩
⎨




) ( ) ( ) ( 0 
              
⎭
⎬









                                                                                      (20) 
 
Equation (20) is known as Kolomogorov Backward Equation (KBE) or Fokker-Plank 
Forward Equation (FPFE). And the characteristic function is the solution for this equation 
given that  
) exp( ) 0 , , , ( X i r v X t t t t t ω ω ϕ φ =                                              (21) 
 
To solve explicitly for the characteristic function, we conjecture a solution for the 
KBE in the form of  
 
( ) ϕ τ τ τ τ ω τ ϕ φ ) ( ) ( ) ( ) ( exp ) , , , , ( D v C r B A X i r v X t t t t + + + + =           (22) 
Now substituting the conjecture into the KBE we get four ODEs. By solving those 
four ODEs , we get the values for the parameters  ) D(   and ), ( ), ( ), ( τ τ τ τ C B A . 
  11Next we integrate the unobserved variable (volatility) out in the same way in Chacko 
and Viceira (2003a). Here, we get the number of moments that are necessary for the GMM by 
substituting the number of parameters that are needed to be estimated with ω . 
 
3.2 Estimation of The Processes Parameters 
 
The system is estimated using monthly US data with almost 50 years period from 
April 1953 until September 2001. Data on eight constant maturity yields are used; the times 
to maturities are 3 months, 1-year, 2 years, 3 years, 5 years, 10 years, 20 years and 30 years. 
Unavailable yields are calculated using the simple bootstrap method. Cumulative dividend 
stock returns data available in Robert Shiller’s web site are used for the purpose of estimating 
the stock returns process. Table 1 shows the data used and the sources of these data.  
 
In Table 2, from the Spectral GMM estimates, we find that the market price of risk on 
the stock index is estimated to be 0.0762 and the long-term volatility mean is 12.1%. Table 2 
shows also that the estimated long term mean of the nominal interest rate is 4.42%, and the 
volatility of the interest rate is 2.12%. With the estimated value of the interest rate risk 
premium  r λ to be around 1%, we can compute the expected excess return, and the volatility 
of bonds with any horizon to maturity. For instance, based on CIR (1985), the duration on a 
pure discount bond with 3 years to maturity  ) 3 , 0 ( η  is b(3) = 2.873 years. Its volatility (vB) 
would be 
B
= × r v ) 3 , 0 ( η 4.11%. The expected excess return on that bond would be trivial 
according to those estimations. The estimation shows also that long term expected rate of 
inflation is 3.64%, which leaves a long-term positive real interest rate. Generally, Munk et al 
(2004), Campbell and Viceira (2001) and Brennan and Xia (2002) report similar estimates.  
 
The estimates of correlations coefficients show that the stock index is negatively 
correlated with the nominal interest rate, the commodities price index and the inflation rate. 
Additionally, estimates show that the stock return index has also negative correlation with 
real interest rates. This significantly different from what Munk et al (2004) got. Munk et al. 
(2004) report some positive correlation and that required them to allow for the parameters to 
move two standard deviations around the estimate in order to get some non-positive 
correlation and then to be able to mimic the financial planners advice. Getting such negative 
correlation makes our task much easier in calibrations. This negative correlation between the 
stock index and the real interest rate means that stocks can be used instead of long term real 
bonds as hedging instruments against changes in real interest rates induced when there is 
significant inflation rates, and that is what Campbell and Viciera (2001) basically report.  
 
Our estimates differ quantitatively and sometimes qualitatively from Munk’s et al. (2001) 
estimates. One reason might be besides the sample differences and the estimation techniques 
(they use Kalman Filtering rather than Spectral GMM) be the inclusion of the stochastic 
volatility in estimating the stock return process and using the CIR model for interest rate 
rather that the Vasicek model. 
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3.3 Calibration to The Professional Financial Planners’ Advice
 
Following Munk et al, (2004) exercise in matching the financial planners’ advice. 
However, we construct the matching data in a different way. Additionally, the differences in 
estimates between our work and their work allow for some flexibility in the calibration, thus 
we do not impose all the restrictions they impose.  
 
Table 3 tabulates the asset allocation recommendations as considered the match data. 
These recommendations are generated from the advice of the four financial planners and 
their three classic portfolios and rank them by their market risk: low risk, medium risk, and 
high risk. These portfolios are tabulated in Canner, Mankiw and Weil (1997) as for 
"conservative," "moderate," and "aggressive" investors. Those portfolios are constructed in a 
way that the most conservative advice is assigned to the short horizon conservative investor, 
and the least conservative advice is assigned to the long horizon conservative investor. On 
the other hand, the most aggressive advice is assigned to the long run aggressive investor, 
and the least aggressive advice is assigned to the short-term aggressive investor. So, the 
short run horizon takes the most conservative or the least aggressive of all advices, and the 
long run horizon takes the least conservative or the most aggressive advices. The medium 
horizon takes the medium of the all advices.  
 
The recommendations in Table 3 are in accordance with the popular advice that 
investors with a long horizon should invest a higher fraction of wealth in stocks. Also, the 
investment recommendations are in accordance with the pattern pointed out by Canner, 
Mankiw and Weil (1997) and, in fact, for any investment horizon the bond to stock ratio is 
increasing with risk aversion. 
 
We calibrate parameters so as to minimize the sum of squared deviations between the 
asset allocation recommendations in Table 3 and the optimal asset allocations in the 
economic modeling framework in section 2. The summation of squared deviations that will 
be minimized is taken over all portfolio weights for the three horizons (short, medium, long), 
the three degrees of risk aversion (conservative, moderate, aggressive), as well as the 
allocations into stocks, bonds, and cash. This makes a total of 27 (= 3 x 3 x 3) squared 
deviations in the summation. 
 
In calibrating the model, we vary three risk aversion parameters: γcon > γmod> γagg > 0. 
Likewise, we vary three investment horizon parameters: 0 < Hshort < Hmed < Hlong < 35 years. 
These parameters are meant to represent the relative risk aversion parameters of 
"conservative," "moderate," and "aggressive" investors as well as the investment horizon of 
investors with short, medium, and long horizons, respectively. 
 
Furthermore, we allow investors with different investment horizons to use bonds 
that differ in duration. The individual investor can thus invest in cash, stocks and a bond 
with a duration that depends on the investment horizon. Without loss of generality the bond 
can be thought of as a zero coupon bond and when we refer to the duration of the bond in 
the following, we are in fact referring to the time to maturity on the relevant zero coupon 
bond. This duration concept is known as the stochastic duration as shown by Ingersoll, 
Skeldon and Weil (1978) and Cox, Ingersoll and Ross (1979). We calibrate the stochastic 
  13durations as part of the problem and we impose the intuitive restriction that investors with 
longer investment horizons should not use shorter duration bonds and the restriction that the 
duration on the bond is between 5 years and 15 years so that it could represent a realistic 
aggregate bond index; i.e. in the calibration we have the restriction: 
15 5 ≤ ≤ ≤ ≤ short med short η η η . 
 
We perform one calibration by varying only the risk attitude parameters, investment 
horizons, and relevant durations subject to the above restrictions. The point estimates of the 
asset price, interest rate, and inflation dynamics in Table 2 are applied in generating the 
optimal theoretical asset allocations as we derived in equation 17.  
 
It can be observed that the calibrated model asset allocation in Table 4 conforms to 
the advice that longer term investors should invest a higher fraction of wealth in stocks. It 
confirms also the advice that aggressive investors should allocate more stocks in their 
portfolios as compared with bonds. The trend in table 4 is quite obvious. The short horizon-
conservative investors allocate 1.47 % in bonds relative to stocks, which almost mimic the 
financial planner advice for the short-term – conservative investors. However, our model 
could not mimic exactly the advice for the long-term- aggressive investor. According to our 
calibrations, this investor’s bonds to stock ratio is 7%, where it is zero for the match data. 
Generally speaking, the model and the estimates could mimic closely the financial planner 
advice.  
  
The representative investment horizons calibrated in Table 4 - B seems to be 
reasonable. Specifically, investor with a short investment horizon has an investment horizon 
of 5.69 years while a long-term investor acts so as to maximize utility of wealth at a thirty 
five year horizon. On the other hand, the calibrated relative risk aversion parameters are 
seemed to be unreasonably high. For example, an "aggressive" investor has a relative risk 
tolerance of 0.32 (= 1/3.12). Hence, this investor will only allocate 32% of wealth to the 
speculative portfolio while the remaining 68% is allocated to the hedge portfolio. Also, the 
"conservative" investors are very cautious in the sense that they will only allocate 3.5%        
(= 1/28.26) of wealth to the speculative portfolio while 96.5% are invested in a hedge 





In this paper, we solve for the optimal asset allocation for an investor who faces a 
stochastic investment opportunity set in an incomplete market setting. Incomplete markets in 
this sense imply that the resources of uncertainties are larger than the number of risky assets 
held in the portfolio. We allow for four sources of uncertainty, in addition to stock returns. 
We assume stochastic volatility, stochastic interest rates, stochastic expected inflation and a 
stochastic consumer price index. Theoretical results show that the correlation between 
inflation and risky assets held in the portfolio plays a significant role in constructing the 
hedging portfolios. It has no role in determining the portion of the portfolio held for 
speculation. On the other hand, the correlation structure between risky assets held in the 
portfolio seem to be more important in determining the size of funds held in the portfolio for 
speculation purposes.  
  14Introducing volatility as a risk factor enables us to mimic the popular advice of 
financial planners. Including all of the uncertainty factors that affect the instantaneous slope 
and instantaneous intercept of the instantaneous capital market line seems to introduce a 
simultaneous resolution for both the Samuelson puzzle as well as the asset allocation puzzle 
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Table (1) 
Sources of the Monthly Data Used in The Spectral GMM Estimation 
 
The Series  Dates  Source 
3-Month Treasury 
Constant Maturity Rate 
April 1953-Dec. 1981 
Jan. 1982-Sep.2001 
McCulloch (1990) 
Federal Reserve Board. 
1-year Treasury 
Constant Maturity  April 1953-Sep.2001  Federal Reserve Board. 
2-year Treasury 
Constant Maturity 
April 1953-May 1976 
June 1976-Sep.2001 
McCulloch (1990) 
Federal Reserve Board. 
3-year Treasury 
Constant Maturity  April 1953-Sep.2001  Federal Reserve Board. 
5-year Treasury 
Constant Maturity  April 1953-Sep.2001  Federal Reserve Board. 
10-year Treasury 
Constant Maturity  April 1953-Sep.2001  Federal Reserve Board. 
20-Year Treasury 
Constant Maturity Rate  April 1953-Sep.2001  Federal Reserve Board. 
CPI April  1953-Sep.2001  Bureau of Labor 
Statistics 
Cum Dividend Stock 






  19 
Table (2) 
Estimation of the General Investment Opportunity Set Parameters,  
Using Spectral GMM, (April 1953-Sep.2001) 
 
Parameter Estimate Std.  Error 
Panel A: Stock Returns Volatility Process 
st t ts t s s t t dZ S v dt S v r dS + + = ) ( λ  
vt t s t v t dZ v dt v v dv σ κ − − = ) ( 
s λ   0.0761 0.0063 
v κ   0.0963 0.0521 
v   0.121 0.0056 
s σ   0.106 0.0106 
Panel B: Interest rate Process 
rt r r t r t dZ v dt r r dr σ κ − − = ) (  
r κ   0.0235 0.0452 
r   0.0442 0.0487 
r σ   0.0143 0.0214 
r v   0.0212 0.0002 
r λ   0.0093 0.0625 
Panel C: Commodity Prices Process 
t t t t t dZ v dt d Ω ΩΩ + Ω = Ω ϕ  
Ω v   0.0211 0.0003 
Panel D: Inflation Process 
t t t dZ v dt d ϕ ϕ ϕ ϕ ϕ κ ϕ + − = ) ( 
ϕ κ   0.2345 0.0652 
ϕ   0.0364 0.0213 
ϕ v   0.0321 0.00414 
Panel E: Correlation Coefficients 
sv ρ   -0.0041 0.0714 
sr ρ   -0.00212 0.0231 
Ω s ρ   -0.0211 0.0474 
ϕ ρs   -0.0142 0.0524 
Ω r ρ   0.00124 0.0214 
ϕ ρΩ   0.0412 0.0143 
ϕ ρr   0.8014 0.0014 
) ( ϕ ρ − r s   -0.0184 0.0214 
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Cash% Stocks% Bonds%  Bonds/Stocks 
Conservative 50  20  30  1.50 
Moderate 20  40  40  1.00 
Short 
Aggressive 5  65  30  0.46 
Conservative 20  40  40  1.00 
Moderate 10  50  40  0.80 
Medium 
Aggressive 0  80  20  0.25 
Conservative 20  45  35  0.78 
Moderate 10  60  30  0.50 
Long 
Aggressive 0  100  0  0.00 
 
* The table constructed from the four recommendations reported by Canner, Mankiw and Weil (1997). The most 
conservative advice is assigned to the short horizon conservative investor, and the least conservative advice is assigned 
to the long horizon conservative investor. On the other hand, the most aggressive advice is assigned to the long run 
aggressive investor, and the least aggressive advice is assigned to the short term aggressive investor. So, the short run 
horizon takes the most conservative or the least aggressive of all advices, and the long run horizon takes the least 
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Calibrated Asset Allocation, Investor Risk Parameters, Horizon and Duration Length 
 
Panel A: Calibrated Optimal Portfolio Choice 
Horizon  Risk 
Tolerance  Cash% Stocks%  Bonds%  Bonds/Stocks 
Conservative 51.1  19.8  29.1  1.47 
Moderate 22.2  48.1  29.7*  0.62  Short 
Aggressive 6.1  67.4  26.5  0.39 
Conservative 15.3  43.2  41.5  0.96 
Moderate 10.1  62.6  27.3*  0.44  Medium 
Aggressive -1.1  83.3  17.7  0.21 
Conservative 20.3  42.8  36.9  0.86 
Moderate 8.1  66.1  25.8  0.39  Long 
Aggressive -2.6  96.1  6.5  0.07 
Panel B: Calibrated Investor’s Risk Parameters, 
Horizon and Duration length 
  Parameter Estimate  Boundary 
γcon 28.26 no 
γmod 8.13 no  Attitude 
toward risk 
γagg 3.12 no 
Hshort 5.69 no 
Hmed 10.31 no  Investment 
Horizons 
Hlong 35.00 upper 
short η   4.99 lower 




longt η   5.714 Lower 
Value of the object function  0.1658   
 * Diverge from the recommendation by more than 10%. 
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